EXAMPLES OF SECTIONS 1.4, 1.5

Question 1. The intensity I of the light at a depth of x meters below the
surface of a lake satisfies the differential equations I’ = —1.41.

(a) At what depth is the intensity half of the intensity Iy at the surface
of the water?

(b) What is the intensity at a depth of 10 meters?
(c) At what depth will the intensity be 1% of that at the surface?

Question 2. A colony of 10 thousand rabbits lives in a confined field and
its growth obeys the logistic model.

(a) If after a month the population reaches 12 thousand, and after two
month there are 13 thousand rabbits. What is the carrying capacity
of the colony?

(b) If the field can support 42 thousand rabbits. After 1 month, the
colony reaches 14 thousand rabbits. Use a logistic model to predict
when the population will his 21 thousand rabbits.

Solutions.

1. a. The differential equation
I' =141 (1)

is separable, and thus we can derive the general solution to (1) as I(z) =
Ce~14%_ Plugging in the initial condition I(0) = Iy, we get that the intensity
at a depth of z meters is I(z) = Ipe™'**. Then

I In2
I(z) = 50 = 106_1'49” == % ~ 0.495 meters

b. Plugging in ¢t = 10, 1(10) = Ipe * ~ 8.3 x 107" .

c. Solving Ipe™'4* = 0.011 for = gives z = 1“1%20 ~ 3.29 meters.

2. a. Let P(t) be the population of the colony at time ¢. According to
the logistic model and the initial population of the colony,
10C
T 10+ (C—10)e "t
The given conditions tell us P(1) = 12 and P(2) = 13, and thus
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Easy computations show

. 100-120  _,  10C —130
© T1Cc-10 ° T 13(C-10)
Since e7?" = (e7")2, we get
10C' — 120 10C — 130

Vo =1l VO = 15U 2 _ _ 192
[12(0 — 10)] 3010 < 144(C* — 23C 4 130) = 130(C — 12)2.
192

This is a quadratic equation. Solving it gives C' = 0 or C' = J7 ~ 13.7143.

The first solution is not physical. Thus the carrying capacity is 13.7143.

b. The first condition implies that C' = 42 in (2) and thus (2) becomes
420

T 10+ 32e 7

By P(1) = 14, we have r = In(8/5). Solving 21 = m?);e% gives t =

In(5/16
) ~ 24748,

P(t)



